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(57) ABSTRACT

A computing means which aggregates initial distributions
into an aggregated distribution, the initial distributions being
associated with vectors of real values representable in a
predefined representation format in which the values repre-
sentable in this format are between a minimum representable
value and a maximum representable value, where, for the
aggregation of the initial distributions, the computing means
is configured to implement, iteratively: a grouping of dis-
tributions to form a plurality of distribution subsets, and
product operations, term by term, on the distribution subsets,
the products resulting in at least one intermediate distribu-
tion, followed by a normalization operation on each inter-
mediate distribution, until the aggregated distribution is
obtained, where each grouping of distributions is imple-
mented such that the product operations on the distribution
subsets lead to resulting values that are strictly greater than
the minimum representable value.
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PRODUCT REDUCTION TREE FOR
MACHINE REPRESENTATION

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] This application claims foreign priority to
FR2314464, filed Dec. 19, 2023. The contents of the priority
application are incorporated by reference herein in its
entirety.

BACKGROUND

Field

[0002] This disclosure relates to the field of computer
programming in the context of calculating the products of
floating point numbers via a machine. In particular, this
disclosure has applications in the field of digital technology
or in telecommunications, for the reconstruction of signals
and/or data from a plurality of distributions.

Description of the Related Technology

[0003] In many digital and industrial applications, recon-
structing information requires aggregating a plurality of data
from multiple sources, expressed in different forms and/or
containing correlations or redundancies. Typically, such a
plurality of data can be expressed in the form of probability
distributions reflecting several observations or occurrences
related to the same parameter or variable, more generally the
same information. Aggregating these different probability
distributions then allows reconstructing the information in
an aggregated form.

[0004] For example, in the field of telecommunications,
demodulation methods for a cyclic code shift keying (or
CCSK) system, in particular what is referred to as a CCSK-
CP-OFDM system, may be based on relative probability
distributions reflecting differences between the different
symbols of a frame. For a pair of considered symbols, such
distributions are then similar to a plurality of estimates of a
relative distribution of one symbol with respect to the other.
Aggregating these different estimates then makes it possible
to estimate such a single relative distribution.

[0005] In another example, in the field of error correction
codes, the aggregation of redundant information may also
take place during a decoding phase. For example, a repeti-
tion code consists of transmitting different messages which
repeat each transmitted bit of information several times in
order to account for possible transmission errors. Estimating
the value of a bit of information may then involve aggre-
gating the probability distributions associated with the dif-
ferent repetitions of this bit, transmitted in the different
messages.

[0006] In order to reconstruct information from a plurality
of distributions, it is common to aggregate the different
distributions in the form of a term-by-term product calcu-
lation over the different distributions. Such a product is then
normalized in order to return the information to the form of
a single aggregate distribution. For example, the plurality of
probability distributions describing a same variable may be
aggregated in the form of a product of probabilities, then
normalized so as to obtain a single distribution of probabili-
ties in which the sum of the terms remains equal to one.
[0007] However, in many cases, the product of such a
plurality of distributions leads to multiplying increasingly
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smaller floating-point numbers: typically, successive term-
by-term products of probabilities between O and 1 can
quickly reach values on the order of 107'°, 1072°, 1073° or
less. Such a product then poses problems in machine rep-
resentation of the numbers.

[0008] Indeed, floating-point numbers (or “floats™) can be
represented in machines according to several standardized
formats. For example, the IEEE 754 standard (defined by the
Institute of Electrical and Electronics Engineers) defines
several formats for representing a floating-point number,
including the 32-bit format (“single precision™). In such a
32-bit format, any representable floating-point number can
be encoded by 1 sign bit, 8 exponent bits, and 23 significand
bits. Such encoding therefore allows representing absolute
values between approximately 1.17x107>® and 3.4x10*3%,
[0009] However, it often happens that the results of suc-
cessive products of small values are below the minimum
representable value (e.g., 1.17x107>® for the single precision
format). This results in a phenomenon called “arithmetic
underflow”, defined as an inability to represent a number in
machine representation, the number being considered to be
closer to zero than any other number representable in this
format. In such case, the result is rounded to zero. The
information resulting from such a product (for example in a
decoder receiving transmissions and reconstructing the cor-
responding signal) then becomes erroneous or altered.

SUMMARY
[0010] This disclosure improves the situation.
[0011] A computing means is provided, configured to

aggregate a plurality of initial distributions into an aggre-
gated distribution, said initial distributions being associated
with vectors of values, each value being a real floating-point
number and being representable by the computing means
according to a predefined representation format in which the
values representable in this format are between a minimum
representable value and a maximum representable value,
wherein, for the aggregation of the initial distributions, the
computing means is configured to implement, iteratively: a
grouping of distributions to form a plurality of distribution
subsets, and product operations, term by term, on the dis-
tribution subsets, said products resulting in at least one
intermediate distribution, followed by a normalization
operation on each intermediate distribution, until the aggre-
gated distribution is obtained, wherein each grouping of
distributions is implemented such that the product opera-
tions on the distribution subsets lead to resulting values that
are strictly greater than the minimum representable value.
[0012] As aresult, the proposed computing means advan-
tageously makes it possible to aggregate diverse observable
data taking the form of a plurality of initial distributions, into
aggregated information. Such aggregation is particularly
relevant when the initial distributions reflect different occur-
rences or functions describing the same variable, the same
parameter, or the same information. In particular, the pro-
posed computing means allows, regardless of the represen-
tation format used, implementation by machine and repre-
sentation of the data from such an aggregation, which may
involve a large amount of data to be aggregated, in particular
when several thousand initial distributions are aggregated
and/or when the initial distributions comprise several hun-
dred or several thousand values for example.

[0013] The proposed computing means is particularly
advantageous when the aggregation of initial distributions
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involves term-by-term product operations over the plurality
of initial distributions. Indeed, when a large number of
values are aggregated by product operations and in particu-
lar depending on the order of magnitude of such values, an
arithmetic underflow phenomenon may occur, linked to
problems with machine representation of a float. Typically,
when successive product operations are carried out on
values between 0 and 1, the resulting values can be on the
order of 1071°, 1072°, 1073 or even less, or more generally
may be near the minimum value representable in a machine
representation. When a resulting value is below the mini-
mum value representable in a given representation format,
such a resulting value cannot then be represented in a
machine representation and is approximated by zero. Such
an approximation then introduces calculation bias and dis-
torts the final result. In such a context, the proposed com-
puting means implements an aggregation in iterative form
by grouping and processing subsets of data. Such iterative
aggregation then allows taking into account the machine
constraints linked to the data representation, and thus allows
improving the precision of the calculations.

[0014] Computing means is understood to mean a means
of digital calculation, typically a computer, comprising at
least one processing unit (e.g., a processor, one or more
functional units, etc.) and capable of implementing at least
one processing or calculation operation on a plurality of
initial data (e.g., initial distributions). In particular, the
computing means is capable of representing real values in
the form of floats (or floating-point numbers) according to a
predefined representation format. In such a predefined rep-
resentation format, the computing means can then represent
floats (considered in absolute value), in machine represen-
tation, that are between a minimum representable (real)
value and a maximum representable (real) value.

[0015] Plurality of initial distributions is understood to
mean a form of plurality of observable data, obtained for
example from measurements, calculations, readings, esti-
mates, approximations from an input entity. The plurality of
initial distributions may for example express a plurality of
observables or occurrences of a phenomenon, a parameter,
an occurrence, an event, or an item of information. Such
initial distributions may then reflect different aspects or
correlations of an item of information. For example, such
initial distributions may reflect different transmissions of an
item of information via different frequency subcarriers, or
via different transmission channels in a communication
system. An initial distribution may for example refer to a
distribution deduced from observing a sample of observable
data related to a given parameter or a given item of infor-
mation. Such an initial distribution may in particular reflect
the plausibility, or likelihood, of a value of the given
parameter or information, in light of such an observation.
For example, given an observed sample received from a
communication system, an initial distribution (associated
with such an observed sample) may describe the probability
of the value of a transmitted symbol. More generally, an
initial distribution may refer to any vector of values asso-
ciated with a given parameter or a given item of information.
Each of the plurality of initial distributions may then be
represented by or associated with a vector of values. The size
of such a vector may then be equivalent to the size of the
initial distribution.

[0016] A vector of values is understood to mean a vector
representing the initial distribution. For example, in the case
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of an initial distribution associated with the roll of an
unbalanced six-sided die, an initial distribution may take the
form of the vector of real values [0.1; 0.3; 0.2; 0.05; 0.15;
0.2], in which the values are associated with the probabilities
of obtaining each of the six faces of the die.

[0017] A grouping of distributions is understood to mean
a partitioning of several distributions into subsets, or distri-
bution partitions. In particular, such a grouping may depend
on grouping criteria. In particular, the grouping is imple-
mented, at each iteration, such that the operations applied to
the distribution subsets involve machine-representable val-
ues and avoid arithmetic underflow.

[0018] Term-by-term product operations on distribution
subsets is understood to mean, for each subset formed,
calculating a product over each component of the vectors of
values associated with the distributions in the subset. The
result of a term-by-term product operation between several
distributions is a distribution, referred to as an intermediate
distribution, of the same size as the distributions of the
product.

[0019] Normalization operation can be understood to
mean the application of a normalization factor or function to
the components of a distribution (i.e., the values of the
associated vector) in order to normalize the distribution. For
example, normalization may be applied to a distribution so
that the sum of the values is equal to a constant, for example
1, 0, or any other real value.

[0020] The features set forth in the following paragraphs
may optionally be implemented, independently of one
another or in combination with one another:

[0021] In one embodiment, the computing means is fur-
ther configured to implement: a comparison to one another
of the values of the vectors of the plurality of initial
distributions, such that the distribution subsets are formed
based on at least said comparison.

[0022] Advantageously, the computing means performs
pre-processing of the plurality of initial distributions, which
allows quantifying the values manipulated by the computing
means. By comparing the values of the vectors with one
another, the computing means can quantify in particular
whether an aggregation-based processing of such values will
involve manipulating resulting values that are near the
minimum value representable, in a given stage of the aggre-
gation. Therefore, such a comparison allows the computing
means to anticipate the potential occurrence of an arithmetic
underflow, due to the absolute or relative order of magnitude
of the manipulated values, and thus to define grouping
criteria adapted to the plurality of initial distributions to be
manipulated so as to allow aggregating the plurality with no
loss of values.

[0023] In one embodiment, the computing means is con-
figured to aggregate the plurality of initial distributions in
the form of a reduction tree, said reduction tree comprising
nodes corresponding to the product operations followed by
the normalization operation, and branches corresponding to
the formation of distribution subsets.

[0024] As a result, the computing means is advanta-
geously configured to implement an iterative aggregation in
the form of a tree structure representing the plurality of
initial distributions. In particular, such a tree structure makes
it possible to illustrate the number and size of the calcula-
tions as well as the number of iterations implemented by the
computing means, for example via the width, the degree of
depth (or levels), and the number of nodes and branches of
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the reduction tree. For example, the number of roots of the
reduction tree represents the number of subsets formed. In
particular, the reduction tree contains a single leaf, repre-
senting the only aggregated distribution obtained at the end
of the iterative aggregation implemented by the computing
means.

[0025] Aggregation in the form of a reduction tree can be
understood to mean an algorithmic construction imple-
mented by the computing means, which allows prioritizing
the succession of calculations and processing applied over
the plurality of initial distributions. In particular, the aggre-
gation method of the computing means may take into
account structural, architectural, and/or mathematical con-
straints and parameters related to the implementation of the
reduction tree (for example, symmetry in the cascade cal-
culations reflected by symmetry in the reduction tree at
different levels, a maximum number of parallel calculations
reflected by a maximum width of the reduction tree, etc.).

[0026] In one embodiment, the computing means is con-
figured to form distribution subsets having maximum sizes
in which the product operations lead to resulting values that
are strictly greater than the minimum representable value,
such that there is a minimal number of normalization
operations to obtain the aggregated distribution.

[0027] As a result, the computing means may form dis-
tribution subsets according to given grouping criteria, such
grouping criteria making it possible to take into account
algorithmic constraints and overheads or execution times by
the computing means, for example. In particular, a grouping
criterion may be to form distribution subsets leading to
manipulated values at the limit or near the minimum repre-
sentable value, so as to minimize the number of nodes in the
reduction tree. In particular, such minimization allows mini-
mizing the number of normalization operations imple-
mented, which advantageously reduces the algorithmic
overhead of the computing means, while guaranteeing the
absence of arithmetic underflow.

[0028] In one embodiment, the predefined representation
format is an element among at least: the 16-bit half-precision
encoding format, the 32-bit single-precision encoding for-
mat, the 64-bit double-precision encoding format, and the
128-bit quadruple-precision encoding format.

[0029] In one embodiment, the computing means is con-
figured to aggregate a plurality of initial distributions cor-
responding to vectors of values between 0 and 1. Further-
more, in one embodiment, the sum of the values of each
vector of values between 0 and 1 is equal to 1.

[0030] As aresult, the proposed computing means advan-
tageously makes it possible to manipulate values, potentially
leading to resulting values which decrease as the product
operations are applied to the values, while making it possible
to avoid arithmetic underflow. Such manipulation then
allows processing numerous use cases, in the field of tele-
communications in particular, which involve the reconstruc-
tion of aggregated information estimated by aggregating (by
implementing term-by-term product operations) a plurality
of observables (for example, coming from several transmis-
sion channels or obtained by demultiplexing) in the form of
probability distributions.

[0031] In one embodiment, the computing means is con-
figured to aggregate a plurality of initial distributions cor-
responding to probability vectors of values associated with
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a same observed variable, into an aggregated distribution
corresponding to an estimate of a probability vector of
values of said variable.

[0032] According to another aspect, a decoder is proposed
comprising a computing means as described above and
configured to aggregate a plurality of transmissions relating
to symbols of a CCSK-CP-OFDM frame, into an aggregated
distribution of the estimated values relating to each trans-
mitted symbol.

[0033] According to another aspect, a device is proposed
for decoding an error-correcting code, comprising a com-
puting means as defined above and configured to aggregate
a plurality of distributions relating to information bits of a
transmitted message, into an aggregated distribution of the
estimated values relating to each information bit transmitted.
[0034] According to another aspect, a method is provided
for aggregating a plurality of initial distributions of values
into an aggregated distribution, implemented by a comput-
ing means as defined above.

[0035] According to another aspect, a computer program
is provided comprising instructions for implementing all or
part of a method as defined above when this program is
executed by a processor. According to another aspect, a
non-transitory computer-readable storage medium is pro-
vided, on which such a program is stored.

BRIEF DESCRIPTION OF THE DRAWINGS

[0036] Other features, details and advantages will become
apparent from reading the detailed description below, and
from analyzing the attached drawings, in which:

[0037] FIG. 1 shows a system with a computing means for
calculating product reduction, according to one embodi-
ment.

[0038] FIG. 2 shows steps of a method of product reduc-
tion according to one embodiment.

[0039] FIG. 3 shows a product reduction tree according to
one embodiment.

[0040] FIG. 4 shows a product reduction tree according to
another embodiment.

[0041] FIG. 5 shows a graph representing a maximum
tolerated size of a product reduction tree as a function of the
size of the initial distributions, according to one embodi-
ment.

[0042] FIG. 6 shows a decoding system with a computing
means for calculating product reduction, according to one
embodiment.

DETAILED DESCRIPTION OF CERTAIN
ILLUSTRATIVE EMBODIMENTS

[0043] Reference is now made to FIG. 1. FIG. 1 sche-
matically illustrates a processing system comprising a com-
puting means 1, an information input entity 2, and an
information output entity 3.

[0044] Input entity 2 may correspond to a system or a set
of subsystems configured to transmit observable data to
computing means 1. Input entity 2 may, for example, cor-
respond to or include a set of information transmission
channels, sensors, or a data estimator. The observable data
may for example correspond to data measured, captured,
entered, estimated, calculated by the subsystem(s) upstream
of the computing means. Such observable data may for
example correspond to time series, ordered distributions of
data recorded or measured according to different parameters,
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(discrete) probability distributions, or continuous probabil-
ity density functions. In particular, the observable data may
describe the same variable, the same parameter, or, more
generally, the same information. For example, the observ-
able data may correspond to a plurality of transmissions
describing the same input signal (e.g., multiplexed), a plu-
rality of encoded information bits describing the same
message, or a plurality of observations of occurrences of the
same event.

[0045] In the context of this description, input entity 2 is
configured to provide a plurality of distributions, referred to
as initial distributions. The initial distributions may take the
form of vectors of numerical values (e.g., real numbers) of
finite size, typically probability values. The initial distribu-
tions may correspond to discrete distributions. In another
example, the initial distributions may correspond to esti-
mates of continuous functions, typically probability density
functions, estimated at points or values of interest.

[0046] Computing means 1 is a processing entity config-
ured to aggregate the plurality of observable data, received
in the form of a plurality of initial distributions from input
entity 2, into an aggregated distribution. Typically, comput-
ing means 1 is configured to estimate an aggregated distri-
bution which allows describing a given piece of information
(i.e., a random variable representing the outcome of a given
event, an encoded message, a signal, etc.), based on the
plurality of observable data all linked to this same piece of
information and transmitted by input entity 2. To do this,
computing means 1 may include a memory unit 10 and a
processor 11. Memory unit 10 may include volatile memory
(RAM) and non-volatile memory (ROM). Memory unit 10
may store at least one program comprising instructions for
implementing a method of product reduction 200 as will be
described below. Processor 11 may include one or more
functional units 11qa, 115, 11¢, 11d configured to implement
the method of product reduction 200 in accordance with the
instructions stored in the memory of computing means 1.

[0047] In particular, computing means 1 is configured to
store, process, and more generally manipulate the observ-
able data, in at least one predefined representation format
commonly referred to as machine representation format. The
observable data, and more particularly the numerical values
contained in the vectors forming the initial distributions,
manipulated by computing means 1, may be represented, or
encoded, in machine representation by floating-point num-
bers (or “floats”). The machine representation of such float-
ing-point numbers by computing means 1 depends on the
representation format adopted. In particular, such a repre-
sentation format defines a minimum representable value and
a maximum representable value. For example, computing
means 1 may encode values in 32-bit single-precision
encoding format, 64-bit double-precision encoding format,
or 128-bit quadruple-precision encoding format. In other
embodiments, any other representation format may be con-
sidered by computing means 1. For example, for 32-bit
single-precision encoding format, any representable floating
number can be encoded by 1 sign bit, 8 exponent bits, and
23 significand bits. Such encoding then allows representing
absolute values between approximately 1.17x107>® and 3.4x
10", In other words, when implementing the method of
product reduction 200 and more generally when manipulat-
ing the initial distributions, computing means 1, by adopting
a single-precision representation format, can represent val-
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ues (positive or negative) having an absolute value of
between approximately 1.17x107% and 3.4x10*3%,

[0048] Reference is now made to FIG. 2. FIG. 2 represents
the steps of a method of product reduction 200, implemented
by a computing means 1 as represented in FIG. 1, to
aggregate a plurality of initial distributions into an aggre-
gated distribution. Typically, the method of product reduc-
tion 200 may aim to reconstruct, in an estimated manner, an
unknown real distribution from a plurality of observed initial
distributions.

[0049] In a step 210, a plurality of initial distributions is
received by computing means 1. In particular, the plurality
ofinitial distributions may contain several tens, hundreds, or
thousands of initial distributions. Such a plurality of initial
distributions may in particular take the form of a plurality of
vectors of finite sizes, each vector being composed of
numerical values. For example, the plurality of initial dis-
tributions received in step 210 may be written:

[0050] vy, y>...,¥n
where:
[0051] vy, ¥, - . - Va are vectors of numerical values

associated with the initial distributions N is the number

of initial distributions received.
[0052] In particular, the plurality of initial distributions
received in step 210 is linked to a same piece of input
information, modeled by a random variable X whose real
distribution is unknown. For example, the random variable
X may describe the value of a symbol actually transmitted
as input to a transmission system (for example, an informa-
tion bit that can take the value of O or 1). Each of the initial
distributions y, can then be linked to a likelihood describing
the probability of a value of the random variable X, given
observable data linked to the random variable X (for
example, given a symbol received during reception, linked
to one or more noisy observations during reception).
[0053] In a step 220, the plurality of initial distributions
received is pre-processed. For example, the pre-processing
of step 220 may include determining the number N of initial
distributions and their respective sizes M,. The size M, of
each initial distribution may correspond to the size of the
vector y, associated with said initial distribution (i.e., the
number of numerical values composing vector y,, where i is
a natural integer between 1 and N). In other words, each
initial distribution may be represented by y,= [y, 15 ¥;2: - - -
; ¥iads where elements y, ; are real numbers (in particular,
between 0 and 1), 1 and j are integers which are respectively
between 1 and N and between 1 and M. The size M, of each
initial distribution may depend on the number of possible
states for a random variable or a parameter associated with
the initial distribution, or on the number of points or values
of interest where each initial distribution is estimated. In one
embodiment, pre-processing step 220 allows considering
initial distributions having the same size M. In the remainder
of the description, the initial distributions y, are considered
to have the same size, denoted M.
[0054] The pre-processing of step 220 may also include
estimating, evaluating, or determining the values contained
in the vectors y,, ¥,, . . . Y associated with the initial
distributions (i.e., values y, ;). The pre-processing of step
220 may also include estimating or determining an order of
magnitude or an interval within which such values vy, ;
belong. The pre-processing of step 220 may also include
comparing values y, ; with each other and from one vector y,
to another.
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[0055] The pre-processing of step 220 may also take into
account the calculation architecture or configuration param-
eters of computing means 1, for example symmetric pro-
cessing constraints on calculation operations or constraints
on parity of terms in a basic calculation. Such constraints
may then be taken into account in step 220. For example, if
the number N of initial distributions is odd and an architec-
tural or functional constraint of computing means 1 requires
that an even number of distributions be processed, step 220
may include adding uniform distributions to the plurality of
initial distributions until a number N is obtained that is a
multiple of 2.

[0056] The pre-processing of step 220 may also include
any other operation of ordering, labeling, or cleaning the
initial distributions.

[0057] Steps 230, 240, 250, and 260 describe an iterative
aggregation of the plurality of initial distributions, where
steps 230, 240, 250, and 260 are repeated until an aggregated
distribution is obtained. In one embodiment, such an itera-
tive aggregation may also include iterating step 220 or a
portion of step 220. Two successive iterations of steps 230,
240, 250, and 260 are now described to illustrate the method
of product reduction 200.

[0058] In one embodiment, the iterative aggregation of the
plurality of initial distributions into an aggregated distribu-
tion may be illustrated in the form of a hierarchical tree, or
product reduction tree, as illustrated in FIGS. 3 and 4. One
end of the tree (upper end in FIGS. 3 and 4) comprises a
plurality of roots representing the plurality of initial distri-
butions and another end of the tree (lower end in FIGS. 3 and
4) comprises a single leaf representing the aggregated dis-
tribution.

[0059] In astep 230, distribution subsets are formed. To do
s0, in a first iteration of step 230, the initial distributions are
grouped, or partitioned, into finite subsets, such that the
number of initial distributions per subset is less than the
number N of the plurality of initial distributions. In one
embodiment, each distribution subset comprises at least two
distributions. In one embodiment, the distributions are
grouped into an even number of distribution subsets.
[0060] With reference to FIGS. 3 and 4, such a first
iteration of step 230 is illustrated by the roots of the trees
represented. The roots illustrated in FIG. 3 have eight initial
distributions (N=8) grouped into four subsets formed by
pairs of vectors {y;; y,}, {ys: Ya}. {¥s: Yo}, and {y-: ye}.
each distribution subset thus comprising two initial distri-
butions. The roots illustrated in FIG. 4 have seven initial
distributions (N=7) grouped into two subsets formed by
vectors {y,; ¥»; ¥3: Y4} on the one hand and by vectors {ys;
V¢ ¥} on the other hand. In particular, the product reduction
tree may be symmetric (i.e., all distribution subsets contain
the same number of distributions, as illustrated in FIG. 3) or
asymmetric (i.e., the distribution subsets may contain dif-
ferent numbers of distributions, as illustrated in FIG. 4).
[0061] One or more grouping criteria may be considered
in step 230 to form the distribution subsets. The number of
distribution subsets formed and the number of distributions
per subset may depend on such grouping criteria. For
example, a grouping criterion may be determined from
values determined in the pre-processing step 220.

[0062] In particular, the distribution subsets are formed
such that the term-by-term products calculated on each
distribution subset lead to values strictly greater than the
minimum value representable in the predefined representa-
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tion format of computing means 1. For this purpose, in one
embodiment of the first iteration, the grouping of the initial
distributions in step 230 may depend on the component
values of the vectors associated with the initial distributions.
In one embodiment of the first iteration, the grouping of the
initial distributions in step 230 may depend on comparing,
with each other and/or from one vector y; to another, the
values composing the vectors y; associated with the initial
distributions.

[0063] Inoneembodiment, a grouping criterion may be to
maximize an average value associated with the term-by-term
product calculated on each subset, so as to avoid the
occurrence of a potential arithmetic underflow linked to the
product operations implemented over such a subset. In one
embodiment, a grouping criterion may be to minimize an
average value associated with the term-by-term product
calculated on each subset while retaining the values greater
than the minimum representable value, so as to optimize the
algorithmic complexity of the method 200 while avoiding an
arithmetic underflow (when the values of the vectors asso-
ciated with the distributions are between 0 and 1 for
example, this amounts to maximizing a size S of each
distribution subset, i.e. the number of distributions on which
the term-by-term product operations are implemented). In
another embodiment, a grouping criterion may be to form
subsets of maximum sizes for which the term-by-term
product operations lead to resulting values that are strictly
greater than the minimum representable value, on each of
the distribution subsets. In other words, a grouping criterion
may be to form a minimum number of distribution subsets
that satisfy the condition in which the term-by-term products
calculated on each distribution subset lead to values that are
strictly greater than the minimum representable value. The
grouping criteria may be linked to a goal of minimizing the
complexity, calculation time, and storage space used (in
particular in volatile memory), when implementing the
aggregation method 200.

[0064] In a step 240, a product reduction is implemented
on each distribution subset formed. In other words, in step
240, for each distribution subset, term-by-term product
operations are applied across the distributions constituting
the distribution subset.

[0065] For example, with reference to FIG. 4, the term-
by-term products applied to each of the two distribution
subsets formed at the end of the first iteration of step 230
respectively lead to these vectors:

PIXY2Xps X4 = [I_Ij:iJ’i,l; szlyi,z Seee s I_IjZIJ’i,M]a

and

Vs XY X Y7 = [szsy:;l; H:ZSJG,Z 5 ene H:ZSJG,M]

where, for any integer i between 1 and N=7, y; is a vector
corresponding to a distribution, for any integer j between 1
and M, y, ; is a real numerical value corresponding to the j-th
component of vector y; and ILy,,j is the product of the j-th
(real) component of vectors y, M being the size of each
vector y,.

[0066] In particular, it is specified that the product y Xy,
(where i and i' are integers between 1 and N) corresponds to
a vector of the same size as each of the vectors y, and y;. In
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the following, the j-th component of such a vector will be
denoted y,xy;{j] in order to simplify the notation.

[0067] At the end of step 240, the product reduction
implemented term by term results in an intermediate distri-
bution obtained for each distribution subset. Similarly to an
initial distribution, such an intermediate distribution may
take the form of a vector whose values and size are linked
to the initial distributions of the distribution subset from
which the intermediate distribution is derived. At the end of
step 240, the number of intermediate distributions obtained
is equal to the number of distribution subsets formed in the
previous step 230.

[0068] With reference to FIGS. 3 and 4, four and two
intermediate distributions are obtained at the end of step 240
at the first degree of depth (or level 1) of the illustrated
product reduction trees.

[0069] In a step 250, normalization is implemented on
each intermediate distribution. In other words, the normal-
ization operation is implemented for each distribution sub-
set. Such a step 250 is illustrated by the “Norm.” element in
FIGS. 3 and 4. In one embodiment, such a normalization
step 250 involves applying a normalization factor to the
components of the intermediate distributions. In particular,
such a normalization factor can allow reducing the sum of
such components to 1, and thus raising the values resulting
from the product operations, relative to the arithmetic under-
flow limit (linked to the minimum representable value),
particularly in the case of probability distributions (in other
words, at the end of such a normalization step 250, the sum
of the components of each vector corresponding to an
intermediate distribution is equal to 1). In one embodiment,
such a normalization step corresponds to an increase in the
values obtained at the end of the product operations of step
240, such that the value obtained after normalization is
greater than the value obtained at the end of the product
operations.

[0070] For example, referring to FIG. 3, the results
obtained at the first four internal nodes at level 1 in the
illustrated tree are respectively:

N1 X2 Y3 X4
M o M o
ijl nxnlil ijl y3 %yl

V5 X Ve Y1 X8
7 - and 7 —.
DXyl Y %l

[0071] At the end of step 250, a normalized intermediate
distribution is then obtained for each distribution subset.

[0072] In a step 260, the number of intermediate distribu-
tions obtained is considered.

[0073] If only one intermediate distribution is obtained,
such an intermediate distribution corresponds to the aggre-
gated distribution and the method 200 terminates in a step
270 of obtaining the aggregated distribution from the plu-
rality of initial distributions.

[0074] If at least two intermediate distributions are
obtained, the aggregation continues as will be described
below, by a new iteration of steps 230, 240, 250 and 260.
With reference to FIGS. 3 and 4, at the end of the first
iteration (i.e., depth level 1 in the trees represented), four and
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two intermediate distributions are respectively obtained in
the trees. A second degree of depth in the trees of FIGS. 3
and 4 is then considered.

[0075] In a second iteration of step 230, the intermediate
distributions are grouped. The criteria for grouping such
intermediate distributions may correspond to the grouping
criteria described for the first iteration. Such grouping cri-
teria may differ from one iteration to another. In particular,
for this purpose, part of step 220 may have been iterated in
order to quantify the intermediate distributions in the man-
ner implemented in step 220 on the initial distributions in
order to implement grouping criteria.

[0076] With reference to FIG. 3, at the second degree of
depth in the tree (level 2 in FIG. 3), two distribution subsets
are formed from the four intermediate distributions. With
reference to FIG. 4, at the second degree of depth in the tree
(level 2 in FIG. 4), one distribution subset is formed from the
two intermediate distributions.

[0077] Similarly to the first iteration, step 240 of deter-
mining the term-by-term product and step 250 of normal-
ization are implemented on the distribution subsets (this
time intermediate ones) thus formed.

[0078] Similarly to the first iteration, a step 260 is imple-
mented. With reference to FIG. 3, at the end of the second
iteration, at the second depth level in the tree represented
(level 2 in FIG. 3), two intermediate distributions are
obtained. A third iteration of steps 230, 240, 250 is then
implemented on the intermediate distributions obtained at
level 3, leading to a fourth depth level in the tree of FIG. 3
(Ievel 4). At this depth level in the tree of FIG. 3, a single
intermediate distribution is obtained. The iteration then ends
and the final tree of FIG. 3 has four depth levels, level 4
leading to a leaf of the tree.

[0079] With reference to FIG. 4, at the end of the second
iteration, at the second depth level in the tree represented
(level 2 in FIG. 4), a single intermediate distribution is
obtained at level 3 in the tree. The iteration then ends and the
final tree of FIG. 4 has three depth levels, level 3 leading to
a leaf of the tree.

[0080] In a step 270, the iterative aggregation ends and a
single aggregated distribution & is obtained. In particular,
such an aggregated distribution X makes it possible to
describe information while taking into account all of the
observable data that were input to computing means 1, by
aggregating these observable data. Step 270 may in particu-
lar include processing or transmitting such an aggregated
distribution X to the information output entity 3, for example
in order to use such an aggregated distribution X in other
processing or calculations of the processing system.
[0081] The product reduction method 200, which alter-
nates term-by-term product operations and normalization
operations on distribution subsets, thus makes it possible to
obtain a final result that is mathematically identical to
methods which aggregate all the initial distributions before
normalizing the aggregated result obtained. For example,
considering the product reduction tree in FIG. 4, the
obtained aggregated distribution X corresponds to:

Y1 X Y2 X Y3 X Y4 V5 X Ve X Y7
7 ~ %~ )
§ Xy X y3 X yal ] § Vs X y6 X y7(/]
ij=1 1

z:ﬂ[

Vs X Y6 X )7
M .
Zj:l V5 X6 % y7/]

Ld
] (k]

J1X Y2 X3 X4
M .
Zj:l 1%y X 33X pal )]




US 2025/0199761 Al

-continued
V1 X2 X Y3 Xya X s X yeX Y7

M ] M .
§ Xy X y3 X yalflx § s xyexy1lJ]
j=1 j=1

M
Zk:l(yl X Y2 X Y3 X yq X ys X ye X y7) [k]

M ; ] :
Z _ Y1 XXy X yalj] XZ _ ¥sxye X y11/]
=1 =1

[0082] Such a value is then mathematically equal to the
result of a normalized product applied over the set of initial
distributions:

V1 X2 X Y3 X Pa X Y5 X Y6 X Y7

]
oy D1 X Y2 X 3 X pa X ys X ye X y7) [K]

[0083] However, from a digital point of view, the machine
calculation of such a normalized product (for example, the
term-by-term product y,;Xy,Xys;Xy,XysXYeXy,) can lead
directly to arithmetic underflow phenomena, particularly
when aggregating a plurality of initial distributions, poten-
tially several tens, hundreds, or even thousands of initial
distributions, each initial distribution itself possibly includ-
ing several tens, hundreds, or thousands of states (in other
words, N and M can be on the order of several tens,
hundreds, or thousands). The aggregation of such quantities
of observable data then implies determining a large number
of products. In particular, when the initial distributions
include very small values (typically between O and 1, as is
the case for probability distributions), the term-by-term
product operations result in manipulating decreasing values
that can potentially fall to below the minimum machine-
representable value.

[0084] Therefore, the proposed method 200 is imple-
mented such that the values manipulated throughout the
iterative aggregation are not below the minimum represent-
able value. In one embodiment, such values of the vectors y;
associated with the initial distributions are between 0 and 1.
In one embodiment, product operations implemented on
such values lead to results near the minimum value that is
representable in the representation format of computing
means 1. In order to take into account such a machine
representation constraint on the values, the criteria for
grouping the distributions (initial or intermediate) into dis-
tribution subsets in step 230 take into account parameters
linked to the distributions (in particular initial distributions),
such as the number N of initial distributions, the size (or
sizes) M of the vectors y, associated with such distributions
(initial and intermediate), the absolute order of magnitude of
the values of such vectors, and/or the differences between
such values from one initial distribution to another. The
partitioning of the initial and intermediate distributions into
subsets, and therefore the sizing parameters of the product
reduction tree (number of nodes, number of degrees of depth
in the tree) which allow avoiding the phenomenon of
arithmetic underflow vary according to the distribution
parameters and the representation format adopted.

[0085] For example, considering N uniform distributions
of the same size M and a representation format associated
with a minimum representable value x,,,,,,, arithmetic under-
flow takes place for the following values:
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N1 log (i)
M > and N > — .
Xmin log (M)

[0086] With reference to FIG. 5, a criterion for grouping
distributions into subsets is illustrated, taking into account
the size M of the distributions, considered to be uniform and
of the same size M, and the representation format of
computing means 1. The graph illustrated in FIG. 5 repre-
sents the maximum tolerated size of a distribution subset
(i.e., the maximum size of a distribution subset which allows
avoiding an arithmetic underflow) as a function of the size
M of the distributions. FIG. 5 illustrates such a maximum
size for different representation formats, here 16-bit half-
precision encoding, 32-bit single-precision encoding, and
64-bit double-precision encoding, respectively associated
with curves C,q, C;, and Cg,.

[0087] With reference to FIG. 5, one can see at point A, for
example, that for the 32-bit representation format and for a
relatively small distribution size M, for example M=4,
distribution subsets involving fewer than 60 distributions
allow manipulating values greater than the minimum rep-
resentable value (and therefore allow aggregation by prod-
ucts without generating an arithmetic underflow phenom-
enon). In an embodiment in which the representation format
of computing means 1 is the single-precision format and the
size of the vectors y, associated with the initial distributions
is on the order of M=4, a grouping criterion may then be to
form distribution subsets of approximately 60 distributions
in each iteration of the aggregation, so as to maximize the
number of distributions per subset while avoiding the arith-
metic underflow phenomenon. Such maximization of the
number of distributions per subset then makes it possible to
minimize the degree of depth in the product reduction tree,
the number of normalization operations to be implemented,
and therefore the complexity of the method 200.

[0088] In another example, with reference to FIG. 5, one
can see at point B that for this same 32-bit representation
format but for a larger distribution size M, for example
M=1000, distribution subsets involving less than approxi-
mately 12 distributions allow manipulating values greater
than the minimum representable value (and therefore allow
aggregation by products without generating an arithmetic
underflow phenomenon).

[0089] Thus, the sizing of the product reduction tree, in
other words the grouping of the distributions into subsets, is
to be adapted according to the representation format of
computing means 1 and according to the distribution param-
eters, so as to allow optimizing the execution of the method
200. Depending on these parameters, it is possible to adapt
the size of each of the distribution subsets formed and the
number of nodes (i.e., the number of calculation nodes at
which term-by-term product operations and normalization
operations are implemented) at each depth level in the tree,
so as to control the complexity or the algorithmic overhead
of implementing the method 200. For example, by consid-
ering subsets of two distributions in a symmetric tree,
typically a balanced binary tree (or, for subsets of a same
size S, for balanced S-ary trees), the number of nodes in the
product reduction tree increases linearly with the number N
of distributions to be aggregated, when N tends towards
infinity: the number of calculations to be implemented for
the iterative aggregation of distributions does not explode
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when the number of distributions to be aggregated increases.
Such a number of nodes tends in particular towards

N
S-1’

when the IN initial distributions are iteratively grouped by
subsets of a same size S, within a balanced and complete
S-ary tree.

EXAMPLES

First Exemplary Embodiment

[0090] In a first exemplary embodiment, communication
systems are considered which are based on a relative rep-
resentation of information to be transmitted or processed (a
signal, for example). For example, in the context of a
communication system (for example, using CCSK, QPSK,
QAM modulation, etc.), information in the form of a suc-
cession of symbols can be integrated into a frame (e.g., an
OFDM frame, and more particularly a CCSK-CP-OFDM
frame), on frequency subcarriers. For example, a CCSK-
CP-OFDM frame can take the form of a time-frequency
frame, each time step containing a complete CCSK symbol
on all of the frequency subcarriers. Such a frame can be
schematically represented by a matrix of size (M,N) as
follows:

[cl(_zw) cN(_M>]

Cl.(l) CN.(D

where c,(b) is a component of a CCSK symbol in the a-th
time step (a being an integer between 1 and N) and on the
b-th frequency subcarrier (b being an integer between 1 and
M).

[0091] Such a CCSK-CP-OFDM frame may be for
example represented differentially at reception, in the form
of a matrix of probabilities of relative offsets between
symbols of the frame. Such a matrix may for example be
written:

P1/1 PN/I

PI/N PN/N

where P,;; is a vector of size M (i.e., the size of a complete
CCSK symbol) resembling a probability distribution of the
relative offset between symbols i and j of the CCSK-CP-
OFDM frame.

[0092] In particular, each component P, [k] of vector P,
(where k is an integer between 1 and M) represents the
probability that the value of the difference between symbols
i and j of the CCSK-CP-OFDM frame corresponds to the
value k.

[0093] Such a probability matrix of relative offsets
between symbols of the frame may then be used to deduce
relative distributions (i.e., relative offset) for any pair of
symbols of the frame. For example, from distributions P,
and P55 (i.e., respectively the distributions of relative devia-
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tions between symbols 1 and 3, and between symbols 3 and
5, of the frame), it is possible to deduce a distribution of
relative deviations between symbols 5 and 1, via a transitive
relation with respect to symbol 3. For example, such a
deviation may be deduced using a convolution or cross-
correlation operation.

[0094] To generalize, for all symbols i and j of the
CCSK-CP-OFDM frame, a relative distribution of symbol i
with respect to symbol j may be deduced by combining
relative distributions coming from the probability matrix of
relative offsets between symbols of the frame:

@ _
PO =Py xPy,

where Pi,j(“) is a distribution of relative deviations between
symbols i and j via a transitive relation with respect to
symbol a, P,,, and P, are relative distributions coming from
the probability matrix of relative offsets between the respec-
tive symbols i and a, and a and j, of the frame, and where i,
j» and a are symbols of the frame.

[0095] The probability matrix of relative offsets between
the symbols of the frame then provides diverse estimates of
the relative deviations between two symbols of a frame. For
example, a first estimate is provided by distribution P,
which itself comes from the matrix. Other estimates are
provided by the plurality of distributions that can be deduced
via transitivity with respect to all the other symbols of the
frame.

[0096] An aggregation of such a plurality of distributions
may then allow obtaining an aggregated distribution reflect-
ing an estimate of the distribution of relative deviations
between two symbols of a CCSK-CP-OFDM frame. In other
words, such an aggregated distribution may be determined
by:

p @
Py =pyx ] |7
.

where f’i,j is an estimated aggregated distribution of the
relative deviations between symbols i and j of the frame; P,
is the distribution of the relative deviations between symbols
i and j of the frame that comes from the probability matrix
of relative offsets between symbols of the frame; HaPi,j(O‘) is
the product of the distributions that can be deduced by
transitivity with respect to all other symbols of the frame.
[0097] Such an aggregate distribution f’i,j which allows
estimating a relative distribution of a symbol i of a frame
with respect to a symbol j may then be implemented by a
computing means 1 integrated into a decoder for the CCSK-
CP-OFDM frame, based on a plurality of initial distributions
P, (® obtained for each symbol a of the frame.

Second Exemplary Embodiment

[0098] In a second exemplary embodiment, an error-cor-
recting code or a repetition mechanism is considered in
which portions of information are encoded with redundancy
in order to allow for possible errors or losses during trans-
mission.

[0099] For example, with reference to FIG. 6, an input
entity 2 may include an encoder 21, configured to encode
each bit x of information (e.g., a message) X (modeled here
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by a random variable). Such an encoder 21 may then
integrate a repetition mechanism, for example a repetition
code. In the example of FIG. 6, each bit is repeated three
times via three transmission channels 22a, 22b, 22¢ (in other
words, each bit x of information is transmitted three times).
[0100] Such information redundancy results in a plurality
(here three, in the example of FIG. 6) of transmissions Y,
Y,, Y; containing redundant information. Such redundant
information may then be aggregated during decoding by a
decoding device 1' which integrates a computing means 1
configured to aggregate the plurality of redundant transmis-
sions into aggregated information X. Such aggregated infor-
mation can be denoted X.

[0101] More precisely, in the context of FIG. 6, the
estimation of the transmitted information bit may for
example be determined by an approach using maximum
likelihood, via the following expression:

% = Argmax«P x|y 1p.7, & | Y1, 12, ¥3)

[0102] Such an expression may be generalized to a ran-
dom variable X having a plurality of states and for a plurality
of transmissions y, (e.g. N transmissions, N=3 in FIG. 6).
[0103] In the context of FIG. 6, such an expression may be
written as follows, X being a binary random variable (infor-
mation bit of 0 or 1):

Py, (x = 0] y1) X Pyjy, (x = 0] y2) X Py, (x = 0|y3)]

X = Argmax
¢ (PX|Y1(X= Ly X Pxjy, (x = 1| p) X Pxry (x = 1] y3)

[0104] More generally, the estimation of a distribution of
the random variable X from a plurality of observations Y;
may be expressed by the maximum likelihood in the fol-
lowing expression (illustrated with i being between 1 and
N=3, in the context of FIG. 6):

Py, v, ryx 15 Y2, y3 | ) X Py ()
Pyi,v. 3015 Y25 13)

Pxiry.vy.13 (| V15 v2, ¥3) =

[0105] By considering a fixed state X (typically, a given
information bit X=x), transmissions Y,, Y,, Y; can be
considered independent if transmission channels 22a, 22b,
22c¢ are independent. In this case:

Pxr, v, 73 (5| y1, 2, y3) =
Py jx 01 [ 9) X Pryx (02 | 1) X Py x (3 | ©) X P (x)
Py 15,1, 015 ¥2, 13) B

Py, (x| y1) X Py (1) o Py, (x| y2) X Pr, (y2)
Px(x) Py (x)

Prjry ([ y) X Pry (03) Py 3 Py, &y X Pry )

= X
Py (x) PrnrOnyn ) Pyx(x)

[0106] In the context of a plurality of initial distributions
(or transmissions) obtained and a random variable X fol-
lowing a uniform distribution, the elements P,(x), Py, y, v,
(Y1, Vo, ¥3) and Pyj (y;) are constant and can be represented
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by a constant factor C. Estimating a distribution X from the
plurality of distributions Y, may then be simplified by:

3
Py, vy 13 & | 015 32, ¥3) = CXI_IPX|YJ(X|)/]')
-1

[0107] Thus, in the context of a plurality of redundant
pieces of information or a plurality of estimates linked to a
same parameter or a same piece of information X (e.g., an
information bit x or a distribution of relative deviations
between two symbols of a frame), the aggregation of such a
plurality of information or of estimates in the form of
distributions can be likened to calculating a product of
distributions. A computing means 1 as described in FIG. 1
and configured to implement an aggregation method 200 as
described in FIG. 2 may then be used.

[0108] In particular, in the application examples
described, such a computing means may be involved during
a phase of decoding an encoded message or an OFDM
frame, for example by being integrated into a decoder or a
decoding device 1', so as to restore estimated information in
an aggregated form.

LIST OF REFERENCE NUMBERS

[0109] 1: computing means

[0110] 1': decoding device

[0111] 10: memory unit

[0112] 11: processor

[0113] 11a, 115, 11c, 11d: functional units
[0114] 2: input entity

[0115] 21: encoder

[0116] 22a, 22b, 22¢: transmission channels
[0117] 3: output entity

What is claimed is:

1. A computing means configured to aggregate a plurality
of initial distributions into an aggregated distribution, the
initial distributions being associated with vectors of values,
each value being a real floating-point number and being
representable by the computing means in a predefined
representation format in which the values representable in
this format are between a minimum representable value and
a maximum representable value,

wherein, for the aggregation of the initial distributions,

the computing means is configured to implement, itera-

tively:

a grouping of distributions to form a plurality of
distribution subsets, and

product operations, term-by-term, on the distribution
subsets, the products resulting in at least one inter-
mediate distribution, followed by a normalization
operation on each intermediate distribution,

until the aggregated distribution is obtained,

wherein each grouping of distributions is implemented

such that the product operations on the distribution
subsets lead to resulting values that are strictly greater
than the minimum representable value.

2. The computing means according to claim 1, further
configured to implement:

a comparison to one another of the values of the vectors

of the plurality of initial distributions,

such that the distribution subsets are formed based on at

least of the comparison.
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3. The computing means according to claim 1, configured
to aggregate the plurality of initial distributions in the form
of a reduction tree, the reduction tree comprising nodes
corresponding to the product operations followed by the
normalization operation, and branches corresponding to the
formation of distribution subsets.

4. The computing means according to claim 1, configured
to form distribution subsets having maximum sizes in which
the product operations lead to resulting values that are
strictly greater than the minimum representable value, such
that there is a minimal number of normalization operations
to obtain the aggregated distribution.

5. The computing means according to claim 1, wherein
the predefined representation format is an element among at
least: the 16-bit half-precision encoding format, the 32-bit
single-precision encoding format, the 64-bit double-preci-
sion encoding format, and the 128-bit quadruple-precision
encoding format.

6. The computing means according to claim 1, configured
to aggregate a plurality of initial distributions corresponding
to vectors of values between 0 and 1.

7. The computing means according to claim 1, configured
to aggregate a plurality of initial distributions corresponding
to probability vectors of values associated with a same
observed variable, into an aggregated distribution corre-
sponding to an estimate of a probability vector of values of
the variable.
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8. A decoder comprising a computing means according to
claim 1, configured to aggregate a plurality of transmissions
relating to symbols of a CCSK-CP-OFDM frame, into an
aggregated distribution of the estimated values relating to
each transmitted symbol.

9. A device for decoding an error-correcting code, com-
prising the computing means according to claim 1 for
aggregating a plurality of distributions relating to informa-
tion bits of a transmitted message, into an aggregated
distribution of the estimated values relating to each infor-
mation bit transmitted.

10. A method of aggregating a plurality of initial distri-
butions of values into an aggregated distribution, imple-
mented by the computing means defined according to claim
1.

11. A processing circuit comprising a processor and a
memory, the memory storing program code instructions of a
computer program to implement the method according to
claim 10 when the computer program is executed by the
processor.

12. A non-transitory computer-readable storage medium
on which is stored a computer program to implement the
method according to claim 10 when the computer program
is executed by a processor.
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